Constructing schemes with prescribed cohomology in arbitrary codimension  by Migliore, Juan et al.
Journal of Pure and Applied Algebra 152 (2000) 245{251
www.elsevier.com/locate/jpaa
Constructing schemes with prescribed cohomology in
arbitrary codimension
Juan Migliorea ; , Uwe Nagelb , Chris Petersonc
aDepartment of Mathematics, University of Notre Dame, Notre Dame, IN 46556, USA
bFB Mathematik-Informatik=17, Universitat-GH Paderborn, D-33 095 Paderborn, Germany
cDepartment of Mathematics, Washington University, Box 1146, St. Louis, MO 63130, USA
Received 10 October 1998; received in revised form 16 May 1999
Abstract
In this paper we show how to construct varieties of arbitrary dimension in Pn with prescribed
intermediate cohomology modules (up to shift). If the codimension is not too small then we use
Kleiman’s Bertini theorems to guarantee that the varieties are integral or even smooth. c© 2000
Elsevier Science B.V. All rights reserved.
MSC: primary 13D02; 13D45; 14J10; 14J60; secondary 13C99; 14C25; 14M99
1. Introduction
In this paper we are concerned with the problem of constructing varieties of arbitrary
dimension in Pn with prescribed intermediate cohomology modules (up to shift). More
precisely, given a vector W=(M1; M2; : : : ; Md) of nite length graded modules over R=
k[x0; : : : ; xn], we show how to construct a scheme, D, of dimension d in Pn such that its
ideal sheaf, ID, satises Hi(Pn;ID)=Mi(e) for 1  i  d and e/0. In [6], Evans and
Grith show how to carry out this construction when W=(M1; M2; : : : ; Mn−2), i.e. they
show how to construct varieties of codimension two in Pn with prescribed cohomology.
It seems more dicult to produce varieties of codimension three or higher. It is not
enough to simply view a codimension two variety in Pn as lying in Pn+1 since this
leads to a restriction on the allowable structures of the cohomology modules. Similarly,
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it is not enough to take hypersurface sections of a suitable codimension two, locally
Cohen{Macaulay subscheme of Pn obtained via the method of Evans and Grith
[6]. Indeed, some vectors (M1; M2; : : : ; Md) cannot be produced in this way. A simple
example is the problem of constructing a 3-fold in P6 with vanishing rst and third
cohomology, and prescribed second cohomology.
One can however modify the approach of Evans and Grith and extend their results
to produce varieties of arbitrary codimension with arbitrarily prescribed intermediate
cohomology modules. We will show how this procedure is carried out in Section 2.
Section 3 provides a number of applications and examples.
The idea of Evans and Grith is to rst construct a module M which contains all
the cohomological information that is contained in the vector W , and then to construct
the ideal of the codimension two variety from M . The construction of M is carried out
as follows. Given a module Mi, let Sj(Mi) denote the jth syzygy module of Mi (see
Section 2 for the denition). Then construct M as the direct sum M =
Ln−2
i=1 Si(Mi),
where the Mi are drawn from W . The ideal, I , of the codimension two variety is then
constructed via the exact sequence
0! F ! M ! I(h)! 0;
where M is assume to have rank t + 1 and F is a graded free module of rank t.
By sheafying, we obtain from Sj(Mi) a vector bundle, Ej(Mi), on Pn with coho-
mology Ht(Pn; Ej(Mi)) = 0 if t 6= j and Hj(Pn; Ej(Mi))=Mi. The vector bundle, E,
corresponding to M is simply a direct sum of vector bundles of the form Ei(Mi). The
ideal sheaf of the codimension two variety is then constructed via the exact sequence
0 ! F ! E ! I(h) ! 0 where E has rank t + 1 and F decomposes as the sum
of line bundles and has rank t. In other words, I(h) is obtained as a quotient of E
by t \generalized" global sections. By choosing the global sections to be suciently
general, the variety corresponding to I can be assumed to have various smoothness
properties via Bertini type arguments.
In [10,11], Rao made a beautiful application of a similar construction to help resolve
an important problem in liaison theory. He was able to show that codimension two
liaison classes in Pn are in one to one correspondence with certain stable equivalence
classes of vector bundles on Pn. In [5], Decker et al. produce a number of wonderful
examples of surfaces in P4 using an extension of such ideas. In all the cases men-
tioned above, one constructs a codimension two scheme as the degeneracy locus of an
appropriate vector bundle morphism. The vector bundle and the morphism encode the
desired properties of the codimension two scheme.
2. The construction
This section describes the method for constructing schemes with prescribed coho-
mology. In order to do this we need a bit of background material. We start with a
well-known proposition on syzygies.
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Proposition 2.1. Let M be a nite length graded module over R = k[x0; x1; : : : ; xn].
Let
0! Fn+1 ! Fn !    ! F1 ! F0 ! M ! 0
be the minimal free resolution of M . Let Sj(M) denote the jth syzygy module of
M (i.e. the kernel of the map from Fj to Fj−1). Then the local cohomology of
Sj(M) satises H
j+1
m (Sj(M)) = M and Him(Sj(M)) = 0 for i 6= j + 1; n + 1. The
sheacation; Ej(M); of Sj(M) is a locally free sheaf (vector bundle) on Pn whose
intermediate sheaf cohomology satises Hj(Pn;Ej(M)) =M and Hj(Pn;Ej(M)) = 0
for 1  i  n− 1 and i 6= j.
Proof. For the rst part, take a minimal free resolution of M . Break up the resolution
into short exact sequences and take local cohomology with respect to m. For the second
part, sheafy the short exact sequences then apply the global section functor.
Suppose F and E are vector bundles on Pn of ranks r − 1 and r, respectively. Let
 be a general morphism from F to E. Then  will drop rank along a scheme whose
codimension is at most two. If  drops rank precisely along a scheme whose codimen-
sion is exactly two then the associated Eagon{Northcott complex is exact and the cok-
ernel of the morphism is a twist of the ideal sheaf, IX , of a locally Cohen{Macaulay
scheme, X . If, in addition, F is a direct sum of line bundles then Hi(Pn;F) = 0
for 1  i  n − 1 and the intermediate cohomology of IX is completely determined
by the intermediate cohomology of E. Let (M1; : : : ; Mn−2) be a set of nite length
graded modules over R = k[x0; x1; : : : ; xn]. Evans and Grith [2] showed that there
exists an e/0 and a locally Cohen{Macaulay, codimension two scheme, X , in Pn
such that the cohomology of the ideal sheaf of X satises Hi(Pn;IX ) = Mi(e) for
1  i  n − 2. Their proof was constructive. The rst step is to construct a vec-
tor bundle E =
Ln−2
i=1 Ei(Mi). By Proposition 2.1, H
i
(Pn;E) = Mi. For a suciently
large m; E(m) will be globally generated by its sections. If E has rank r then let
F= Or−1Pn . A general morphism from F to E(m) will have cokernel equal to a twist
of an ideal sheaf of a locally Cohen{Macaulay scheme of codimension two, i.e. we
have an exact sequence 0!F! E(m)! IX (t)! 0. Taking cohomology, we have
Hi(Pn;IX ) = Hi(Pn;E(m− t)) =Mi(m− t) for 1  i  n− 2.
In order to extend the method of Evans and Grith we need the concept of orienta-
tions. Following Bruns (cf. [3]) a nitely generated module M over a Cohen{Macaulay
ring R is said to be orientable if it has a rank, is locally free in codimension one and
there is a homomorphism
Vrank M M ! R whose image has codimension at least two.
Note that M is orientable if it is locally free in codimension one and either R is
factorial or M has nite projective dimension.
Proposition 2.2. Let M be a nite length graded module over R = k[x0; x1; : : : ; xn].
Let Ann(M) denote the annihilator of M . Let IV Ann(M) be the ideal of an arith-
metically Cohen{Macaulay scheme; V; of codimension r. Let Sj(M) denote the jth
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syzygy module of M over the ring R=IV . Then Sj(M) is an orientable R=IV -module. The
sheacation; Ej(M); of Sj(M) is a locally free sheaf on V whose intermediate sheaf
cohomology satises Hj(V;Ej(M)) =M and Hi(V;Ej(M)) = 0 for 1  i  n− r − 1
and i 6= j.
Proof. Using [4, Proposition 2:8(c)], we see that Sj(M) is an orientable R=IV -module
due to its denition. Now compute the minimal free resolution of M over the quotient
ring R=IV . In general, this resolution need not be nite. However, one can still break
the sequence into short exact sequences, sheafy, and apply the global section functor.
Note that it is important that V denes an arithmetically Cohen{Macaulay scheme and
that IV Ann(M) since that allows one to set up an appropriate string of isomorphisms
and establish the proposition.
Theorem 2.3. Let W = (M1; M2; : : : ; Md) be a vector of nite length graded modules
over R = k[x0; x1; : : : ; xn] with d  n − 2. Then there exists a d-dimensional locally
Cohen{Macaulay scheme; S Pn; and a number e/0 such that Hi(Pn;IS) =Mi(e)
for 1  i  d.
Proof. Let Ann(Mi) denote the annihilator of the module Mi. Let IV be the homo-
geneous ideal of an arithmetically Cohen{Macaulay scheme, V Pn, of dimension
d + 2 such that IV Ann(Mi) for i  i  d. The easiest way to accomplish this is
to take V to be a complete intersection of n − d − 2 hypersurfaces in Pn although
we will not require this restriction. View each Mi as a nite length module over
R=IV . Let Si(Mi) denote the ith syzygy module of Mi. By Proposition 2.2, the module
M =
Ld
i=1 Si(Mi) is orientable. Assume that M has rank r. According to Bruns [4,
Proposition 2:8(d)], there is an exact sequence
0! F ! M=TM ! I(h)! 0;
where F is a graded free module of rank r−1; TM is the torsion submodule of M and
I is a homogeneous ideal of codimension  2. Since M is reexive (but not free), the
codimension of I is precisely 2 (see for example, [9, Proposition 6:3]) and the exact
sequence above reads as
0! F ! M ! I(h)! 0:
Thus, sheacation and twisting of the last sequence provides an exact sequence
0!
r−1M
i=1
OV (ai)! E(t)! I(s)! 0:
Taking sheaf cohomology it is easy to check that Hi(V;IS) =Mi(e) for e= t − s and
for 1  i  d (here it is again necessary that V is an arithmetically Cohen{Macaulay
scheme so that the cohomology of IS is the same as the cohomology of E(e)). View
S as sitting in Pn. Since Hi(Pn;IS) = Hi(V;IS=V ) for 1  i  d, we are done.
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Remark 2.4. (i) The construction of S in the theorem above depends on the choice of V .
If V is smooth then E is a vector bundle on V and we can use Kleiman’s Bertini
theorems [8] in order to obtain an integral or even smooth subscheme S. It is also
easy to produce concrete examples using computer algebra systems as we show in the
next section.
(ii) Using the method of Amasaki [1] one can also produce schemes of arbitrary
codimension with prescribed cohomology. In personal communications with the rst
author, Amasaki related that the schemes produced by his method are not reduced.
3. Examples
This section consists of a few examples which illustrate the construction and some
of its consequences. In the rst example we construct a smooth curve in P4 whose
ideal sheaf has a prescribed rst cohomology module. The second example modies
the construction to produce a non-reduced scheme with the same cohomology. Finally,
the third example shows how a simple modication of the construction can be used to
produce arithmetically Cohen{Macaulay schemes of arbitrary codimension.
Example 3.1. Let R = k[x0; : : : ; x4]. Let M be the nite length graded module deter-
mined as the cokernel of a general map between R(−1)7 and R2. Thus M sits in an
exact sequence
0! E ! R(−1)7 ! R2 ! M ! 0:
It is easy to check that M has dimension 2 in degree 0 and has dimension 3 in degree 1
(M is a certain module structure on a ve dimensional k-vector space). The annihilator
of M consists of all quadrics in R. Pick a general such quadric, Q. If we resolve M
over the quotient ring R=(Q) and sheafy we get an exact sequence
0! E! OQ(−1)7 ! O2Q ! 0:
Using a computer algebra system such as Macaulay [2,7] or Cocoa [12] one can show
that a minimal free resolution of E begins
   ! OQ(−4)13 ! OQ(−2)7  OQ(−3)3 ! E! 0:
Let C be the scheme determined by degeneracy locus of a general map of the form
OQ(−2)4 ! E. Viewing C as living in P4, one can check that C is a smooth curve
of degree 10 and genus 4. By construction, H 1(P4;IC) =M (up to twist).
Remark 3.2. It should be noted that when specifying the intermediate cohomology
modules of a scheme, we made the assumption that all of the modules are of nite
length. As a consequence, the annihilator of each module will be an m-primary ideal
and the intersection of all the annihilators will also be an m-primary ideal. Thus, given
any linear form, L, there exists a positive integer d such that Ld will be in every
annihilator. Carrying out the construction procedure over the quotient ring R=(Ld) we
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obtain a scheme whose support lies in a hyperplane. In this manner, for example,
for any given nite length module, M , over the ring R = k[x0; : : : ; x4] we can nd a
(non-reduced) curve, C, with H 1(P4;IC) =M and with C supported on a degenerate
curve DP3. If in Example 3.1 above we had resolved the module, M , over the
quotient ring R=(x24) then the construction procedure would have produced the scheme,
C, of degree 10, genus 4 as a double structure on a curve DP3 of degree 5, genus 0.
Remark 3.3. One can use the procedure of Theorem 2:1 to produce arithmetically
Cohen{Macaulay schemes of arbitrary codimension. To construct an arithmetically
Cohen{Macaulay scheme of codimension r + 1 we need an arithmetically Cohen{
Macaulay scheme, V , of codimension r − 1 and a vector bundle, E, on V with
Hi(Pn;E) = 0 for 1 i n − r − 1. For example, let F be a hypersurface in P4.
Let M be a nite length module over R = k[x0; : : : ; x4]. Let E be the sheacation
of the second syzygy module of M over R=(F). By construction, H 1(P4;E) = 0 and
H 2(P4;E)=M . If E has rank t+1 then for suciently large ai the degeneracy locus of
a general map of the form
Lt
1 OF(ai)! E will be a curve whose ideal sheaf has the
same rst cohomology as E and hence will be arithmetically Cohen{Macaulay. If M is
the module described in Example 3.1, F is a general quadric and E is the sheacation
of the third syzygy module of M over R=(F) then a routine computation shows that E
has rank 5 and the degeneracy locus of a general map of the form OF(−4)4 ! E will
be an arithmetically Cohen{Macaulay curve of degree 16 and genus 19.
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